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Hence ¢, = d, = 0, which results in specific conditions imposed on the functions

f1 (2) and f, (2).

As an illustration, let us consider the case when
fL(@) = hy+ ks,  fa=ke+ iz + ka?®

{hy hy, ko, ky, k, are constants), Then we obtain from (4, 7)

n 2hs 2
G=(—1"5y A= =" — 1k (= )" T} (4.8)
Bh k 2k

The relationships (4, 9) impose constraints on the coefficients 2 and & .
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Within the scope of models of elastic-plastic media, without taking account
of thermal effects, the rates of change in the stresses are determined uniquely
by means of a given state of stress and strain rates [1], The constraint which
should be imposed on a coupled thermoplasticity model so that the mentioned
property would also exist in this case is considered herein, It is shown for the
simplest coupled thermoplasticity model,that when heat conduction is neglec~
ted, there exists a domain of states of stress for which the system of plastic
flow equations is not evolutionary, and also a domain of states of stress for
which shock formation occurs from smooth initial conditions (reversing of
simple waves), These properties can also be interpreted as the properties of
an uncoupled plasticity model with a nongradient plastic flow law, An exam-
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ple of an unstable solution is presented for the complete system of plastic flow
equations taking account of heat conduction,

1, The simplest model of coupled thermoplasticity is obtained under the following
assumptions on the free energy F, uncompensated heat dg’, the flow surface f and its
associated law:

poF = Atiklg; fey,° + atie;;® (T — To) — 5~ (T —To)2 — poso (T — To)
dg' = —-¥dei?, [ 1) =0, def =dhato, dh>0  (14)

Here AY¥, o m, T, po, s, are constants, and all the notation are standard, The

dlsplacements and strains are considered small, For such a model [2]
: , . 1 . m
¢ = A'L]klg“e + a¥ (T — To), § = — -p—oa"JB.,'je -+ E (T —_ TO) -+ So (1.2)

We obtain a necessary condition for the existence of the solution to the Cauchy prob-
lem for the system of equations of such a model, To do this, let us consider the problem
of determining do;; / 0¢, #T / At at the instant ¢ = £, for given 0;;, T and velo-
cities U;. It is assumed that the initial values of 0;;, 7' satisfy the condition f (o,
T) = 0, since otherwise d0;; / 3t and @7 / Jt are determined uniquely from the
equations of elasticity theory,

If plastic deformation should occur at the instant f, then we obtain the system to
determine (80;; / 0t),, (8T / 9t),, (Oh / 0t)y

of (L) +.8sz.81> ~0
P

d3;; \ ot a7 \ ot
ij - oT
<a_8ct_>p = AMen” — <%>y Awkl + o <77—)p -3
Sl o a\  aof oT\ _ 1 of (2&\
—aier = (), asff]+m<a—t>p_’ﬂ oy aay (o),

from (1,1), (1. 2), the relationship
1 ( dv; 0v; ) de, ¢ de; P

€0 = e ij
Y 2\ 9z; az; T
and the equations of the second law of thermodynamics,

If elastic deformation occurs at the instant ¢ = {, , then we find analogously for
(9o; / dt), (AT | 6t),

asY aT arT\ 1 a¢°
<797‘>e = AWey” + “]< 7t >e’ — atleis” +m< o) =T e Y

Discarding degeneration cases, it can be considered that each of the systems (1. 3),
(1, 4) has exactly one solution, Moreover, in order for the solution (1. 3) to be admissible
in the elastic-plastic problem, it must satisfy the inequality (dA / 8f), > 0, and the
solution (1.4) must satisfy

i\ __ oaf {95 af 6T> -
(W)e: 75;; ( ot >e + 57 (at <0

It is assumed here that the interior domain relative to the flow surface in o;;, 7' space
corresponds to f << 0 and the exterior domain to f >> 0. From (1, 3), (1.4) we find
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of af d of af
(e, = (G, o v = S o s (o4 5+ )
(rows 28— 20)
s’ as¥
In order for d0;; / 0¢, 3T / 0t to be determined uniquely for any initial data oy;, T,
v;, f (035, T) = 0,it is necessary that M > 0. Otherwise, for the state in which
M (o0;;, T) < 0, initial values of v; can be indicated such that

P iy O i, 0
(_di_>e — Akt af epr’ +mT0 <a1]56%_{_ Mf")( 4- Toatie;; )>0

(<o

and therefore, it is impossible to construct a plastic or elastic solution for such an initial
state, In this case initial data can also be given so that (¢f / dt), << 0, (dA / dt), >0,
and therefore, @0;; / dt, T / 3t are not determined uniquely at the instant ¢,, If
M > 0, then (df / 8t), and (9)\ / dt)p have the same signs and vanish only simultane-
ously (in this latter case the solutions (1, 3) and (1. 4) agree), In this case do;; / d¢ and
g1'/0t are determined uniquely, Therefore, when constructing models of elastic-plastic
media, compliance with the inequality M/ > O should be assured,

Let us note some particular cases, Let the form A4 ’“81 j€x1 be positive definite,

m >0, a'? = — agii. If the equation of the flow surface is taken in the Mises form
1y6i5761" = k2 (T), 6if = 615 — 1/360ij, then
— Abikl of 6’ _ﬁ_ dk2

(95” apkl mToe dT

The condition M > 0 imposes a constraint on the assumption of the rate of diminution
of the yield point as the temperature rises, If the flow surface doesn‘t depend on tem-
perature, then 8t 8 2/ 8 o of 6
M = Al fl.’! 86{‘1 o ( ! > mTy 06 f Gij

Since 0;;0f/00;;>0 for media with a convex flow surface, contammg the point
0;; = 0 internally, in order to satisfy the condition M > 0 it is sufficient that
a df / dp << 0, p = — 1/; 0y, In particular, this is satisfied for the propagated con-
dition™1/04;05; = F (p), dF / dp > 0 for « > 0. ,

In the case of uncoupled plasticity theory (a;; = 0, df / T = 0) M = AMH
(0f / 90;;) (0f | do,;), we arrive at the known result obtained in [1] for flow surfaces
with singularities and for hardening media also,

2, If the medium is isotropic, the expression for the free energy becomes

poF = 13k (ec")* + neiiei;” — @ (Bh + 2u) (T — To) 4" —
Yo (T — T0)* — 008 (T — To)

Let us examine the motion of such a medium by plane waves for vy = 0, 0;3 =
Oy3 = Opy — O43 = 0 (compliance with these equalities at the initial instant is suf-
ficient), The Mises condition 1/, 0;,-0;,- = k? then reduces to 3/, (04, + p)?+

2 = k2. Let us introduce the new variable 0

61 = ksin 8, Y, V'3 (01 + p) = kcos, 0<<O< 2n
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In the case under consideration, the system (1,1),(1.2) and the equations of motion
describing the plastic flow of the medium reduce to

vy ap 2ksin® 90 v

pa_s}_=“._5;_—}7§—--5;, 0>z —‘kcose-m (2.1)
K S (st+-3—p) @2.2)
T by =0 (2.3

_g%_ - c‘c;sge % sme 6?}2 >0 (2.4)

We write down the equation of the second law of thermodynamics governing the heat
influx by the Fourier Iaw

¢ .g‘f. 2 4 fjfz 2 - g:: (¢ = m -+ 9o2K) (2.5)
Let us first consider a correspondmg ideal system describing the large-scale phenomena
(2.1)—(2.5). The passage to the ideal system is accomplished by neglecting terms with
higher derivatives, and in this case is equivalent to considering adiabatic processes or
to the assumption x= (. In this case, by using (2.4), (2. 5), Eq. (2. 2) can be given the

form
vy 1 Iu cos® dr 3in® dvp T T
oz~ Ky ”If‘ V3 oz 2 oz KT K ¢
Bak? .
k= s (2.6)

Equations (2,1) — (2, 3), (2. 6) form a closed ideal system of plastic flow equations,
Let us note that this system can be considered as the equations of uncoupled plasticity
theory for a medium with the same flow surface but with a nongradient plastic flow
law, The system under consideration differs from the equations of uncoupled plasticity
theory with a gradient law only by the insertion of K, instead of K and by the presence
of the last member in (2,6). The ratios &, / & and (K; — K) / K are on the order
of 1073 for steel, say, hence, neglecting thermal effects is justified in many cases, But
as is shown below, for plane waves in which the tangential stresses on areas parallel to
the front are close to k, taking them into account is of value, in principle,

Indeed, let us consider the characteristic equation of the system (2.1)—{2.3),(2.6)

D (C) = (poC?)? — Bpoc2 + Ko (cose — V’ ) cos® =0 (2.7)

Ay 2 1K1
B= K1+ smB—§—ucosG A}f38058

Here ( is the characteristic velocity, Equation (2, 7) has two pairs of roots -+ c,,
+C_(C,2>C%).1f o = 0, then the roots ,°, C_° of (2.7) are real, where C.° >
V m, and C_* vanishes for 8 = m/2 (3 / 2) [3]. In case o == 0 ,the changes
in the coefficients of (2, 7) which are small compared to K cause smali deviations in
the quantities C, dC / df from (C°, dC® / df. However, these deviations can turn
out to be substantial near points in which C° = O or dC°/ dB = 0. Thus, from(2,7)
we obtain that PoC_% <C 0 for

p<8<n/2 (Bn/2<0< 2n—80,), 0, =arccos k, /EkY3
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The characteristic velocities become imaginary, The sign of dCl / o agrees with
the sign of - sin 8 cos 0. Differentiating (2, 7) with respect to § we find
d (POC+2)
n T =

j:Sgn{PoCi-z ( 2p cos© + K,cos6 ) sin 0 4 K,u (2cos 6 — cos 6*) sin 8]

Hence, it is seen that d (py C_?) / d@ changes sign for = 0, = (8,, n /2), 8 =
0, 8 = @ and at their symmetric points relative to 0 = 5 ; d (p,C,2) / dO changes
signfor @ = 0, = (n /2, n — arccos [3K.k,/2 V3kpl),0 = 0,6 = n and
at their symmetric points,

The dependence of the characteristic velocities on 0 is illustrated in Fig, 1 (also pre-
sented for comparison are corresponding dependencies for & = 0). The quantity p,C,?
reaches the maximum K, + 4 p/3 for 6 = 6,, the minimum — K, (1 — k,/kV 3)
for 8 = O and has a local minimum K, (1 4 k [kV3) for @ = n. For n <
8 < 2n the graphs are symmetric to those presented relative to the line § = m.

An essential singularity of the ideal system under consideration is the presence of the
imaginary characteristic velocity, The Cauchy problem for such a system is formulated
incorresctly [4]. This fact can be interpreted as either the result of selecting a nongra-
dient flow law in the uncoupled model, or the result of neglecting the heat conductivity
in the coupled model, If the heat conductivity is taken into account, then the system, as
compared with an ideal system, loses a pair of imaginary characteristic velocities, and
the remaining characteristic velocities are real,

Let us show that the system (2,1) — (2, 5) is evolutionary, i.e, that Im @ (I) has an
upper bound, where @ (/) is the root of the dispersion equation of the system correspond-
ing to real /. The dispersion equation is

— ioD (T‘"> + 5 120°< ) —0 2.8)
Here D is defined by (2.7) and D° denotes D for oo = 0, D° (C) = ¢ is the charac-
teristic equation of the uncoupled model, Equation (2, 8) is algebraic, hence, unbound-
edness of Im © is possible only for ® — co. Simultaneously there should be [ — oo.
If ® /[ is hence bounded, then

() -~ 2 0 (3]

where the expression in the bracket is bounded, and therefore © / I = CL. + O(IY),

Imo=0().1f ©/ !~ oco,then D (@ /1)/D°(w /1) — 1 and it follows
from (2. 8) that ‘o K,y
_F:m+0(1), Imw— — oo

Therefore, the system (2,1) — (2, 5) is evolutionary,

It is impossible to seek a perturbation of the form Aei(ix-w?) in investigating the
stability of constant solutions of the system (2,1) — (2. 5) (for them, in particular, J} /

= () since for such perturbations there are segments on which (90X / dt), >0

and segments with (0A / 9t), << O at the initial instant, The flow picture will have
a complex structure of alternating plastic and elastic domains at subsequent instants,
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which abut on the appropriate segments in conformity with Sect, 1, However, such a
method is applicable to an investigation of the stability of the plastic solutions in which
dh | 8¢t > ¢ > 0 relative to the small perturbations not reducing 0;;, T from the flow
surface,

For example, let us consider the stability of the simplest non~constant solution of the
system (2,1) — (2. 5)

0 =0, =const, p=po+pt, v, =1,AV3ctgbz

vy = Az, T = —-{A V Botg 8ut2p 1K + (b4 + ek > pi)at + H]
o V'3 (T’ cos 6 .-2 V3ak)
Btk sin % >0, b= 3sin ?)a ” (2.9)

Here A > 0, H, p, are arbitrary constants, It is possible to consider (2, 9) for

— 00 < 2 <Z oo as a solution of the Cauchy problem with appropriate initial data
for vy, Uy, p, 8 orfor — L <C 2 <C L as the solution of a boundary value problem
with the boundary conditions

vy = =+ ALY Fetg8y, v, = AL, %£—+(3a)*1(bA+~—-T0px>L
for z=*%1L

To investigate the stability of this solution, let us linearize the system (2,1) ~ (2. 5)
around it, The system coefficients depend only on § hence, the linearized system has
the same form as the system (2,1)— (2. 5), but § , must be substituted into the coeffici~
ents in place of . Moreover, a new term originates during linearization, namely :

A (2sin 0,)" 0 is added in the left side of (2, 3). Small additions to the solution
(2. 9) are understood to be 0, v, vy, p, T,

An analogous change occurs upon composing the determinant D* (. ) to compute
the dispersion equation of the linearized system: a term iko / 2p + A (2 sin 07t
appears in place of ik@ / 2 in the row corresponding to (2, 3) and in the column cor-
responding to §, Therefore, the equation D* (o, I) = () contains, besides all the
terms of the dispersion equation of the system (2,1) —~ (2, 5), additional terms generated
by the addition of 4 (2 sin 8,)!. Hence, in addition to all the additional terms of the
form aA (2 sin 0,)! @Pl? there is the term gik (2p) ' ®P*12 which is also present
in the dispersion equation of the system (2,1) — (2, 5), For ® —~ oo the additional term
can be neglected as compared with aik (2p)"! ©P+1/2, hence the equation D* (o,

) = 0 cannot, exactly as (2. 8), have the roots o (/) with Im o without an upper
bound, Therefore, the growth rate of the small perturbations of the solution (2, 9) is
bounded,

The dispersion equation of the linearized system is

ed eB Hpody 3
CO()“K 195 ‘}*‘Po (Kl? +K151:8 >944‘90 < %&Icsiﬂﬂo>9 +
W 4, A BkacosBy o2
Pﬂp{ﬁ;l T Singe ( V3, c) o

54[*’50(: 8o (cos 8o — o _porchy }Q 4 (2.10)

k1
I V’g) " Tosin Gy

A
LL"(isjzgﬁ'_%'le 0, Q= — i, 4, = LLA
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where § is defined by (2.7), and f°denotes § for & = 0. There are roots in the right
half-plane for Eq. (2,10). Otherwise, all its coefficients would have the same sign, but
the coefficient of Q3 is positive, and of Q is negative if 6, << 6 << m/ 2 and A4 is
sufficiently small,

Therefore, the equation D* (o, I) = ( has the roots @ = iQ, Imo >> 0. Con-
sequently, the solution (2, 9) of the Cauchy problem for — oo << z <C oo is unstable,
Equation (2, 10) is invariant relative to replacement of / by —I, hence, the global
instability of (2, 9) as a solution of the boundary value problem for sufficiently large L
[5] also follows from the existence of the roots @, Im o >0.

Finally, let us consider the question of reversal of the simple waves of the system
{2.1) — (2. 3), (2.6). The equations describing simple waves, for which 8 can be taken
as the parameter (*), are

do dp 2k, dv
PoC — =-3§—+—}7§—sm8, —poC—Jg-::kcosB

dvy Y3 poC? — |t cos? B
"'{i@"’ = ""2'}1"’ poC 8in

dn C dp dvg kicos9 dn

b & R LU “/3 o

9% B — poC?
where € is determined from the characteristic equation (2. 7).

From (2, 7) we find . \
P2,  pC2>K, (1_ 73"5)

It is here assumed that K / p > 4/3, and therefore, p,C,*> > for sufficiently small
k, / k. Because of these inequalities it follows from (2,11) that the sign of 90 / 9t
agrees with the sign of ctg 0 in slow simple waves, and is opposite in fast waves, Taking
this relationship and the sign of the derivative € (p,C2%) / d0 into account (see Fig,1),

pe,
(] et SO
AC- l
7L
i
i
|
g T 8 7]
0yé
a7 G
g(ﬂ_) Kelipfs 7
i
U x |
;
/2 T 8 /2 T 8
Fig, 1

*) Simple waves in which it is impossible to take 8 as the parameter (0 == const) are
propagated without a change in shape,
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we obtain that the condition for reversal of waves being propagated to the right §C /
dt >0 is satisfied for m /2 << 0 << 02 (2n — 6, << 0 << 37 / 2) for fast plastic
waves, Therefore, taking account of thermal effects results in the need to consider jumps
in the plastic domain in contrast to the uncoupled model [6], In those cases when the
jump is of sufficiently small intensity, for example, if it originates because of reversal
of the simple wave and 0, — 5 / 2 is small (this quantity is on the order of 103
for steel), the relationships between the quantities in the appropriate simple wave can be
used as approximate conditions on the jump, and the rate of propagation of the discon-
tinuity can approximately be considered equal to the average of the values of the appro-
priate characteristic velocities ahead of and behind the jump,

The author is deeply grateful to A, G, Kulikovskii for valuable comments and to L.1,
Sedov for useful discussion of the research,
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The progress made in the theory of integration of equations of motion of holo-
nomic systems naturally leads to attempts to extend the basic assumptions of
this theory to nonholonomic systems, or at least to establish the conditions for
their applicability to nonholonomic systems, Problems of this type were the
subject of many papers by various authors, In particular, numerous attempts
were made to extend the Hamilton-Jacobi method of integration to the nonho-
lonomic systems (see [1]). Below we discuss the problems relevant to the lat-
ter problem,



